Abstract: We construct Kasparov's bifunctor KK and E-theory by stable homotopy theoretic methods. This is motivated by constructions of bivariant theories on more general categories such as, for example, bornological algebras. The details of the construction have interesting applications to groups of extensions.
Stable Homotopy Theory and Exactness
We denote by H the homotopy category of C * -algebras, i.e. the category with morphisms H(A, B) := C * (A, B)/ ∼, where ∼ denotes homotopy. The definitions of cones, suspensions, cylinders, mapping cones and mapping cylinders are those from [Bla98] . Definition 1. Let SH be the category with objects Am, where A is a C * -algebras and m ∈ Z. We define the morphisms by
where the connecting maps are given by the functor S and the limit is taken over all k ∈ Z such that m+k, n+k ≥ 0. Σ denotes the functor defined by Σ(Am) := Am+1.
We will frequently abbreviate A0 to A. Note that as in the classical setting, the sets SH(Am, Bn) carry natural group structures induced by concatenation. We denote by X the class generated by X 0 and all isomorphisms in SH.
We denote by X 0 the collection of morphisms in of C * -algebras that are inclusions of kernels of split surjections onto contractible algebras.
Recall that Higson has given a (weak) set of axioms for a calculus of fractions in [Hig90] . We refer the reader to loc. cit. for the exact conditions on a class of morphisms in order to admit a calculus of fractions, and call such a set admissible. It is easy to see that Higson's axioms apply in the more general setting of categories which are not necessarily small, i.e., such that the isomorphism classes of objects form a set. In fact, it suffices to use (for example) Grothendieck's framework of universes to carry over the theory from [Hig90] .
The fact that X 0 is an admissible set of morphisms follows essentially by the following two lemmas of independent interest: 
and where the bottom extension is split.
Proof. The Lemma follows by replacing SI ′ by the homotopy equivalent algebra which is the mapping cone of Proof. It follows by standard arguments that for every morphism ϕ : A → B one has exact sequences
where π : Cϕ → A is the canonical projection from the mapping cone sequence of ϕ (compare [CS86] or [Ros82] ). The image of this extension in SH(X −1 ) remains exact, as follows from results in [Hig90] . If ϕ is a split surjection, then one may deduce split exactness by replacing Cϕ with Ker(ϕ).
All that remains is to stabilize the functor we have thus obtained. We denote by K the compact operators on a separable Hilbert space.
ThenKK is naturally isomorphic to Kasparov's bivariant K-functor.
Proof.KK is stable because the inclusion K → K ⊗ K obtained from a minimal projection is invertible up to homotopy. The usual characterization of KK as a universal functor shows that we re-obtain KK.
Using the same approach, but for the class Y generated by all morphisms of C * -algebras that are inclusions of kernels of surjections (not necessarily with a split) onto contractable algebras and all isomorphisms in SH, one obtains E-theory: ThenẼ is naturally isomorphic to the functor E defined in [Hig90] and [CH90] .
